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Polar Coordinates
In this section, we study polar coordinates and their relation to

Cartesian coordinatesnd.
Pir, 0

Ongin ( pole)

Initial ray

FIGURE 10.35 To define polar
coordinates for the plane, we start with an
origin, called the pole, and an initial ray.

Definition of Polar Coordinates

To define polar coordimates, we first fix an origin O (called the pole) and an mitial ray
from () (Figure 10.33). Then each point P can be located by assigning to 1t a polar coordi-
nate pair (r, f) in which r gives the directed distance from O to P and f gives the directed
angle from the imtial ray to ray OP.



Polar Coordinates
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EXAMPLE 1: Find all the polar coordinates of the point P(2, 7/6).

Solution We sketch the initial ray of the coordinate system, draw the ray from the ori-
gin that makes an angle of /6 radians with the initial ray, and mark the point (2, =/6)
(Figure 10.38). We then find the angles for the other coordinate pairs of P in whichr = 2
and r = —2.

Tw/6

\2

Initial ray

FIGURE 10.38 The point P{2, «/6) has infinitely many
pelar coordinate pairs (Example 1).



For r = 2, the complete list of angles 15

w m m m
E” E:I:Eﬂ'-r F:I:-‘-I'IT, Eiﬁw’

Forr = —2, the angles are
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The corresponding coordmate pairs of P are
(z,% . EHTT)., n=0,+1,+2,...
and

(—1—%’” 4 Znﬂ'), n=0,+1 2 ...

When n = 0, the formulas give (2, 7/6) and (-2, —57/6). When n = |, they give
(2, 137/6) and (=2, T /6), and so on. 0



“Polar Equations and Graphs

If we hold r fixed at a constant value r = a # 0, the point P(r, ) will lie |a| units from
the origin 0. As f varies over any interval of length 2, P then fraces a circle of radius |a|
centered at O (Figure 10.39).

If we hold f fixed at a constant value f# = f and let r vary between —00 and 00,
the pomt P(r, 8) traces the line through () that makes an angle of measure  with the

initial ray.
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FIGURE 10.39 The polar equation for a
circleis r = a.



EXAMPLE 2  Finding Polar Equations for Graphs

(a) » = landr = —1 are equations for the circle of radius 1 centered at 0.

(b) 8 = w/6,0 = Tw/6, and 8 = —57/b are equations for the line in Figure 10.38.

EXAMPLE 3: Graph the sets of points whose polar coordinates
satisfy the following conditions.

¥
tl=r=20=8=3

(a) 1l=r=2  and ﬂiﬂg% i\\\
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(h) -3 =pr=2 and A =
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“Relating Polar and Cartesian Coordinates
When we use both polar and Cartesian coordinates m a plane, we place the two orgins to-

gether and take the imitial polar ray as the positive x-axis. The ray 8 = /2, r = 0, be-
comes the positive y-axis (Figure 10.41). The two coordinate systems are then related by

the following equations.
Equations Relating Polar and Cartesian Coordinates

. .
x = rcos#, v = rsinfl, it S

¥

Ray 6 = 1—1_

B Pix, y) = Pir, 8)
Common r .
| ongin \\ H'.H - IH — 0, r=0
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EXAMPLE 4  Equivalent Equations

Polar equation Cartesian equivalent
reosfl = 2 x=1
rPcosfsinf = 4 w=4
r eos’f — rsin’f = | r-y=1
r=1+4 2rcosf Po-d-1=0

r=1-cosf LR N L et - =0




EXAMPLE 5  Converting Cartesian to Polar
Find a polar equation for the circle x* + (v — 3)° = 9 (Figure 10.42).

Solution
Ay -6y +9=09 Expand (y — 3).
2+ }Jl — 6y =0 The 9's cancel.
r* — 6rsinf =0 vyi=r
r=0 or r— 6smf =20
r=~f6smnb Includes both possibilities
y o -
' x*4+(y—-30=9
or

r=~6tsinf

(0, 3




EXAMPLE 6  Converting Polar to Cartesian

Replace the following polar equations by equivalent Cartesian equations, and 1dentify
their graphs.

(a) rcosfl = -4
(h) #* = 4rcosf
B 4
l€) r= 2cosf — sin#

Solution ~ We use the substitutions rcosf = x,rsinf = y,r* = x* + y*.

(a) rcosfl = -4

The Cartesian equation:  rcosfl = —4
=4

The graph: ~ Vertical line through x = —4 on the x-axis



(b) ¥ = 4rcosh
The Cartesian equation: r* = 4rcosf
Ay =4
X —dx+yr=0
¥ —dx+4 4 J"'I =4 Completing the square
(x =2 +y" =4
The graph:  Circle, radius 2, center (h, k) = (2, 0)

4

2cosf — sinf

(c) r =

The Cartesian equation: H2cos® — sinfl) = 4
2rcos — rsnf = 4
2y —yv =4
y=2x—4

The graph: Line, slope m = 2, y-intercept b = —4



EXERCISES 11.1

1. Which polar coordinate pairs label the same point?
a. (3,0) b. (—3,0) ¢. (2,27/3) e. (—3,7)

2. Plot the following points (given in polar coordinates). Then find all
the polar coordinates of each point.

a. (2, w/2) b. (2,0} c. (3,—m/d) d. (-3, —=w/4)
3. Find the Cartesian coordinates of the following points (given in
polar coordinates).
a. (V2,m/4) b. (1.0)

4. Graph the sets of points whose polar coordinates satisfy the
equations and inequalities in Exercises 7—18.

T.r=1 . 0=r=2

T.0=f0=7 r=| B.0=8=7g r=-|



5. Replace the polar equations in Exercises 23—38 by equivalent
Cartesian equations.

23, rcosf =2 M. rsmf = -1
M, rcosf + rsinf = 1 . rsm# = rcosé
2 -
.:.: . = - : TR =
Yy M. rosinlf =12
37, r=csc " ™=r 3, rsimf=1Inr+ Incosf

6. Replace the Cartesian equations in Exercises 49-56 by equivalent
polar equations.

49. x=17 0. v=1 5. x =y

5. x —y= 53, 1+ _1=2 = 4 54, x* — _1.':' =
) 2

- X~ ¥ -

8. — + —— = 36. = 7
) 1 | 6. x



Graphing in Polar Coordinates

This section describes techniques for graphing equations in polar
coordinates.

Symmetry
Figure -  1llustrates the standard polar coordinate tests for symmetry.
¥ (rrw—@ Y y
d —r _# J \
(r, ) A I o) (r, )
!
|
|
| > X X > X
0 | 0 0
!
|
(r, ) |
ori—r. 7 — (—r.8)or(r, 8 + @)
(a) About the x-axis (b) About the y-axis {c) About the ongin

FIGURE Three tests for symmetry in polar coordinates.



EXAMPLE 1: Graph the curve r=1 - cosO.

Solution  The curve 15 symmetnic about the y-axis because

(r, ) on the graph = r = | - cosf
2r=1-cos(-)  cosb=cosl-0)
= (r, ~f) on the graph.

As ) mcreases from () to 7, cos l decreases from | to -1, and r = | - cosfl mcreases
from a mmmum vaue of 0 to @ maximum value of 2. As f contimues on from 7 to
2, cos B increases from | back to | and r decreases from 2 back to 0. The curve starts o
repeat when = 2 because the cosine has period 27

The curve leaves the origm with slope tan (0) = 0 and returns to the ongin with slope
tan(27) = (.

We make a table of values from f = (tofl = ., plot the points, draw a smooth curve
through them with a horizontal tangent at the omgm, and reflect the curve across the x-axis

to complete the graph (Figure 10.44). The curve 15 called a cardioid because of 1ts heart
shape.
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Table explan values of 0

TABLE  Values of sinf, cos, and tanf for selected values of f

Degrees =180 =135 =90 -45 0 30 45 60 90 120 135 IS0 180 270 360

m W M I

v o4 ¢ T

- -7

0 (radians) -7 T 1 1 0

==
4= | =
e | =3
| =

= R VR B/ N S I R |

sin f ( ) -1 ) ( B l 3 3 7 0 -1 10
\h ViooVi Vo | -\1 -\

cosf -1 EE ( Eh | T 7 7 ( 7 77 7 -1 0 |

an 0 Ny n%} 1\ RV %3 0 0




EXAMPLE 2  Graph the Curve r* = 4 cos#.

Solution  the formula r* = 4 cosf gves two values of r-

r=+2%cos#.

We make a short table of values,

@ |cos® [r=22%cosh
0 | +3
e 5 +1.9
ig L"-.-"i = W mefmr:iivn:nsﬂ, me-l'ulérzl‘-.-’m-sﬂ,
T =p =X T =g =X
- 1 2 2 2 2
ij 3 i (b)
T
ii () 0

(a) FIGURE 10.45 The graph of * = 4cos.



EXERCISES 11.2

1. Identify the symmetries of the curves in Exercises. Then sketch

the curves. _
. »= 1+ cosé 2, r=2-—2cosf 6. r =1+ 2sind

0, r* = cosf
2. Graph of the curves in Exercises 13—16. What symmetries do these

~

curves have? 13 .7 — 4cos 24 14. r* = 45sin 26

15. r* = —sin 26 16. r* = —cos28
3. Grapher Explorations
43. Which of the following has the same graph as r = | — cos 87
a. r= —1 —cos @ b. =1+ cos@

Confirm your answer with algebra.



Areas in Polar Coordinates

This section shows how to calculate areas of plane regions in polar
coordinates.

Area in the Plane

The region O7Sin Figure 10.48 is bounded by the rays® =aand 6 =B
and the curve r=1{(0).

Area of the Fan-Shaped Region Between the Origin and the Curve
fl),aea=0=p

]

Pt | =

B
?
A= rdb. =1 3
o e / / Afl
L -"_H__-"‘_=h"‘:{-\-\.\_ e

This 1s the integral of the area differential (Figure 10.49)

a1 =1,24q0 = Lif0))2a0.

i

FIGURE 10.48



EXAMPLE 1 Finding Area
Find the area of the region in the plane enclosed by the cardioid r = 2(1 + cosf).

Solution ~ We graph the cardioid (Figure 10.30) and determime that the radius OP

sweeps out the region exactly once as 6 runs from 0 to 2. The area 15 therefore
¥

=2 1 i) 1 [ r=2X1 4+ cos )
[ irlﬂrH:f E'4E1+cﬂsﬂ]1dﬂ T P 0)
=0 0
Ir 2 / =02
:[ 2(1 + 2cosf + cos6) df 4
) ("3'
i)
:[ (E+4::nsﬂ+21+;ﬂsm)dﬂ
1]

I FIGURE 10.50
=[ (3 + 4cosf + cos20) db
0

. iy
:[35+4sina+@] — 6 — 0 = 6. i
]



EXAMPLE 2 Finding Area

Find the area inside the smaller loop of the limacon

r=2cost + 1.

Solution

A4 = zf 2 r2de = f 2 de.
2ari3 2 i3

r=2cosf + |

FIGURE 10.51 The limacon in Example 2.



Since

rP=(2cosP + 1) = 4cos’B + 4cosh + 1

_1 + cos 28
2

=24+ 2cos28 + dcos + 1
=3+ 2cos28 + dcos8,

= 4 + 4cost + 1

we have

A=f (3 + 2cos28 + 4cos0)do
2

o35

m

= [EH + sin 260 + 451115']
2w /3

— 1 . L 1"'-I§ -"'lu.-E
= (37) (211' 5+ 4-—2 )

_3WV3
5

— T



Area of the Region 0 = r(0) = r = (), a=0=p

8 B A
1 ! 1
A=£ Erfdﬂ—£ Erﬁdﬂ=£ 5(rd = ri)do

-

L ¥

(1)



EXAMPLE 3 Finding Area Between Polar Curves

Find the area of the region that lies mside the circle r = | and outside the cardioid
r=1- cosf,.

. ¥ Upper limi
Solution n=l-coso 1 omal2

1?'.-"1 1 =1
A:/ S(rd = ri)do

—m'?z /] 8

1 ! :
K Y
= E[ —(r;; - F )dﬂ Symmetry
) 2 '
Lower limit

-]'."I.":I 0=—-m/2
/ (1 = (1 = 2cosf + cos*f)) db
0

2 w/1
=/ {Ecusﬂ'—mslﬂ}dﬂzf (EmsH—H;ﬂﬂﬂ)dﬂ
0 1]

sin20 |
4 i

_lrern_ 0 _,_T
—{Esmﬁ > =2 T



EXERCISES 11.3

1. Find the areas of the regions in Exercises 1-2.
1. Inside the oval imacon» = 4 + 2 cos @

2. Inside the cardioid r = all + cos@), a =0

2. Find the areas of the regions in Exercises 7-10.
1. Shared by the circles r = 2cosfand r = 2sm #

9. Shared by the circle » = 2 and the cardioid » = 2(1 — cos#8)
10. Shared by the cardioids r = 2(1 + cos@)and r = 2(1 — cos 8)

3. 18. The area of the repion that lies inside the cardioid curve
r = cos# + | and outside the circle » = cos # 15 not

2
L Hcosd + 1)? = cos?8) dd = .

2y

Why not? What is the area? Give reasons for your answers.
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