MATHEMATICS I




Inverse Functions and Their Derivatives

A function that undoes, or inverts, the effect of a function fis called
the /nverse of f, Inverse functions play a key role in the development
and properties of the logarithmic and exponential functions.

DEFINITION Inverse Function

Suppose that f 15 a one-to-one function on a domam [) with range R. The inverse
function ' is defined by

fNa) = b if f(b) = a.
The domain of f~' is R and the range of f ' is D.

f 'l{:q;} dogs not mean 1/f(x).
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(c) To draw the graph of f ! in the

more usual way. we reflect the {d) Then we interchange the letters x and y.
system in the line v = ax. .

FIGURE 7.2 Determining the graph of y = f~(x) from the graph of y = f(x).

The process of passing from f to ' can be summarized as a two-step process

Solve the equation y = f(x) for x. This gives a formula x = f7'(y) where x is
expressed as a function of y.

Interchange x and v, obtaining a formula y = f'(x) where f~' is expressed in the
conventional format with x as the independent vaniable and y as the dependent vanable.



EXAMPLE 1: Finding an Inverse Function

Find the inverse of y = 3x + |1, expressed as a function of x.
) ¥ y=2x -1
Solution [
l

1. Solve forxintermsofv: vy = Fx + l

y=x+12 !

x=-2. 7~

o0l
L. Inferchangexandy: y=12x-1. g

The inverse of the function f(x) = (1/2)x + | is the function f(x) = 2 -



EXAMPLE 2:
2

Find the mverse of the function v = x°, x = 0, expressed as a function of x.

Solution W first solve for x m terms of y:

y=r

p—

1; =V =|x|=x  |x| =xbecausex = 0

We then nterchange x and y, obtaming
b=k

The inverse of the function y = x%,x = 0, is the function

A

Vi (Figure 74).



“Derivatives of Inverses of Differentiable Functions
If we calculate the derivatives of f(x) = (1/2)x 4+ | and its inverse i) =2 -2

from Example 1, we see that

L =2 (3x+1)=3
A i (x) = %{zx — 2) =2.

THEOREM 1 The Derivative Rule for Inverses

If f has an interval [ as domain and f'(x) exists and is never zero on [, then f~'is
differentiable at every point in its domain. The value of (')’ at a point b in the
domain of f~! is the reciprocal of the value of f" at the pointa = f~'(b):

vy
UY®) =25

or




EXAMPLE 3: Applying Theorem 1

The function f(x) = x*,x = 0 and its inverse ™'(x) = V/x have erivatives f'(x) =
the derivative of /™'(x) is

Solution:

|
FfF )
[
20 x))
[
2(vx)

(F)(x) =




EXAMPLE 4: Finding a Value of the Inverse Derivative

Let f(x) = x° — 2. Find the value of df ' /dvat x = 6 = f(2) without finding a formula
for f(x).

Solution
il
a . k) . =12
i
i |y df| 12 o

|-



EXERCISES 9.1:

1. Each of Exercises, gives a formula for a function y = f{x) and shows the graphs of
fand {7 Find a formula for " in each case.

18. fix) =x*% x=10
}I

14. fix) =x% x=20 16, fix) =x—2x+ 1, x=1
¥ ¥

y= "'

y= N 1

y=f"lx)

2. Formulas for Inverse Functions.

Each of Exercises 19—24 gives a formula for a function v = f(x). In

cach case, find f '(x) and identify the domain and range of f'. As a
check, show that f{f (x)) = F Y fix)) = x.

. flx)=x" +1 22, flx) = (1/2)x — 72
B, flx)=1/x" x>0 U flx)=1/x, x#0



> Derivatives of Inverse Functions
In Exercises
a. Find f~'(x).
b. Graph fand ' together.
¢. Evaluate df/dx at x = aand df ' /dv at x = f(a) to show that at
these points df ' /dx = 1/(df/dx).
25, flx)=2x+3 a=-1 26 fix)=(1/3)x+7, a=-I



Natural Logarithms

In this section we use integral calculus to define the natural
logarithm function, for which the number a is a particularly
important value. The natural logarithm of a positive number x,
written as In x, is the value of an integral.

TABLE 7.1 Typical 2-place
DEFINITION, The Natural Logarithm Function | Vvaluesoflnx
X In x
x ]
Inx = / x dx, 0 undefined
S 0.05 -3.00
0.5 —0.69
I 0
DEFINITION ~ The Number e : P
The number e 1s that number in the domain of the natural logarithm satisfying 4 I :39
10 230
In(e) = |




The Derivative of y=/nx

o

=1
. Inx = .

For every positive value of x, we have

Therefore, the function y = Inx 1s a solution to the mmitial value problem dy/dxy = 1/x,

Notice: If v /s a differentiable function of x whose values are
positive, so that In u is defined, then applying the Chain
Rule.

dv  dyv gy
dx  du dx
to the function v = In u gives
i]n y — iln u-ﬂ _ 1du
dx du dx w odx
d | du

Elnu === u = 0 (1)

u dx’



EXAMPLE 1: Derivatives of Natural Logarithms
d | d 1 1

[1-]} Eh]h - EE[?I} - E[E) - T

(b) Equation (1) withu = x* + 3 gives
d, .3 | d, |
—In(x*+3)=5——("+13) =
fﬁn[l ) :1;'+3ﬂr-'f[T } T+ 3




Notice: The function y =/n2x has the same derivative as the
function y =/n x. This is true of y =/n ax for any positive number a:

d | d

E]n ax = H'E[m‘} = o la) = y. (2)

Since they have the same derivative, the functions y=/naxand y=/n
x differ by a constant.

Properties of Logarithms

For any numbers @ = 0 and x = 0, the natural logarithm satisfies the following

rules:
. Product Rule: Inax = Ina + Inx
a
). Quotient Rule: InT = Ina — Inx
3. Reciprocal Rule: ln% = —Inx Rule 2 with a

4. Power Rule: Inx" = rlnx r rational



EXAMPLE 2: Interpreting the Properties of Logarithms

(a) In6 =In(2:-3)=In2 + In3 Product

(b) Ind — In5 = 111% = In(.8 Quotien

(c) In L = —In& Reciprocal

8
= —In2° = —3In2 Power



EXAMPLE 3: Applying the Properties to Function Formulas

(a) In4 + Insinx = In(4smnx) Product
(b) In E'.{rt 13 =ln(x+1)-In(2x—3)  Quotient
(c) Insecx = lnﬁ = —Incosx Reciproca

(d) WVx+ 1=In(x+ 1)\ = %ln (x+ 1)  Power



The Integral | (1/u)d

[f 1 15 a differentiable function that 1s never zero,

]%dﬁ = In|u| + C. (5)

Equation (5) explains what to d::r WhEI‘l n equals —1. Equation (3) says integrals of a certain

form lead to logarithms, If u = f(x), then di = f'(x) dx and

/ - [ T
[ = mise -

So Equation (3) gives



EXAMPLE 4 Applying Equation (5)

2 -1 -1 w=x -5, du= v,
2 du o
H| —— i = — =Inlu i) 5, ul2) |
HL‘XZ-S L“ ||L
=In|-1|=In|-5| =In1 = In5 = —In
o 5 w=13+2smf, du=2cosfdh,
deosth . [72 . o
“]'} \/\_Fﬂj _I_Esinﬂr.fﬂ—j Htfi.‘ ul-m(2) =1, ulm/2) =3
g
=2In |u|]
l

= 25| - 2In|1] = 2In



The Integrals of tan x and cot x

Equation (5) tells us at last how to integrate the tangent and
cotangent functions.

ftanuﬂ’u = —In|cosu|] + € = In |secu| + C
.......... (5)
/ﬁcrtuﬁ"u = In|sinu| + C = —In |escx| + C
ftﬂﬂlﬁ&' _ f g‘ljléi dv = f —I{jﬂ' I:I ﬂlh:i.":_;:_:i.;._.-ﬂ.lI w2, a2
= — %=—In|u| + C
|

= —In |cosx| + C = In + C Reciprocal Rule

| cos x|
= In |secx| + C.

For the cotangent,

cos X dx du M = sinXx,
cotx dx = —_— = ETE
sinx T COs X dx

=In|u|] + C=In|sinx| + C = —In|ecscx| + C.



EXAMPLE 5

w6 71 73 Substitute y = Iy,
| | du | -
f tan 2x dv = f tan u '3 =7 f tanu du dv = duf2,
0 0 { ul0) =0,
1 m/3 | l ulw/6) = w3
=Eln|sa:u|]ﬂ =§{1n1—lnl}=§|n2



EXERCISES 9.2
1. Using the Properties of Logarithms

a. Express the following logarithms in terms of In 2 and In 3.
a. In0.75 b. In(4/9) c. In(1/2)
d. Inv'0 e. In3y2 f. InV13.5

b. Use the properties of logarithms to simplify the expressions in
Exercises 3 and 4.

Y. a Insind — In (L:I'E') b. In{3x* — 9x) + In (%)

4. a. Insec + Incos @ b. In{8x + 4) — 2In2

¢. JInvit —1—In(t+ 1)




2. In Exercises 8-22, find the derivative of y with respect to x, t,or e

as appropriate.

8. v = In(t¥9)

16. y = 1\/Int

14. y = (Inx)

3l. y=In(sec(InB))

3. Evaluate the integrals in Exercises 37-54.

=1
33[%
-3

" sin
“i E-Eﬂﬂfdf

w/]
41, /
{

21. vy

2. y=1n (1 sin# cos d

In x

Sl 4 Inx

| +2Ind

" 1
ey

dsind
| - 4cosh

d

|

12. y=In(20 +2)

. 0
18. v= 'Tln.r -
27— rinx
: | + Inx

2 5
33. y=In ([" ) )
Wl —x

54,'/. . seC x dx
\In(secx + tanx)

&
46. / :ix_
! xVinx




The Exponential Function

We study its properties and compute its derivative and integral.

Knowing its derivative, we prove the power rule to differentiate when
n is any real number, rational or irrational.

i

The Function / = ¢

We can raise the number e to a rational power r in the usual way:

I -7 ]_
i i

e~ = g-e, et = —, el = 1_.-';, Typical values of &'
E‘.-
X e* (rounded)
DEFINITION  The Natural Exponential Function R 037
For every real numberx, ¢ = In"'x = expx. (1) 0 |
| 2.72
[nverse Equations for ¢ and In x 2 739
10 22026
Inx _ .
e'=x (allx>0) @ 100 | 26881 x 107

In(e)=x  (allx) (3)



Problem 1. Using a calculator, evaluate. the following,

_ 3
. 2.731 = 5253
(a) e (b) e (c) —e
3

(b) e=*102=0.04234097...=10.042341,

(c) —e
.

5 .5
5.253 = —(191.138825...)=318.56.
.

Use a calculator to determine the following,

Problem 2.

a) 3.72e0-18 b)) 53.2¢ 14 C 7
(a) e (b)y 53 (C) 53

S

(ay 3.72e% 1% — (3. 72 1.197217 ... = 4.454_«

cant figures.

(by 532 14 —=(53.2W0.246596 ... )= 13.12.

S 5
- T e e |

> = ——— (1060 1...)y= 44.94_
(C) IEEL_ 122( . O 335 )




Graphs of exponential functions

Values of €' and ¢ obtained from a calculator, correct to 2
decimal places, over a range x = —23 to x = 3, are shown in the
following table.

X —3.0 =25 —2.0 —1.5 —1.0 =05 0
et 0.05 0.08 0.14 0.22 (.37 .61 1.00
e | 20,09 12.18 7.9 4.48 2.72 1.65 1.00

0.5 1.0 1.5 2.0 2.5 3.0
v 1.65 2.72 4.48 7.39 12,18 20.09
- 0.61 (0.37 0.22 0.14 .08 (.05

=

o

@




(R |

-3 -2 1 0 . >

igure shows graphs of y=¢e" and y=e™
Fig hows graphs of y=¢" and ) ‘



The domain of Inx 1s (0, °©) and 1ts range 1s (— 00, 02, So the domain of ¢" 1s (—00, 00)
and 1ts range 15 (0, 20},

EXAMPLE 1 Using the Inverse Equations

(a) Ine? =2

(b) Ine ' = —1
w;mw@=%
(d) Ine™* = sinx

(e) e™? =2
(x4 1) — _1'1 4+ 1

(r) e
{g} E.EI- InZ2 __ _E_,_]n 27 _ _E_]nE — One way
(h) gl — l:-E!InEII'-Jr = 23 = B Another way



EXAMPLE 2  Solving for an Exponent
Find kif e* = 10.

Solution  Take the natural logarithm of both sides:
e =10
Ine® =n10
2k =1In10 Eq.(3)

_1
k=710



Problem 4. Given 20=060(1 —e="/%) determine the value of 7.

Rearranging 20 = 60(1 — e~ "/%) gives:

20 —1/2
ﬁ — ] — ¢ ’
and
c—:_;z - o E _ E
G0 3

Taking the reciprocal of both sides gives:

3
3 -
ol/2

2

Taking Napierian logarithms of both sides gives:

In /% = In

b | ted b | L2

: [ I
i.e. — = In
2

—y

from which. f = 2 In % — 0.881.



DEFINITION  General Exponential Functions

For any numbers a = () and x, the exponential function with base a 1s

¥ = EI]HE,

EXAMPLE 3 Evaluating Exponential Functions

(a) VI — pV3IlR2 o 120 o 3 37
“}} T — E'rr]nl o El]ﬂ ~ R R



THEOREM 3 Laws of Exponents for e*

For all numbers x, x1, and x;, the natural exponential ¢* obeys the following laws:

1‘ EII. # EI] — EII +I1
l
, ¢'=—
EI
I
e _
3 F = gl



EXAMPLE 4 Applying the Exponent Laws

(a) ethl _ x. 0l _ 3= Law |
(b) e X — &” = _,_-l Law 2
e
E'-'-'_t
(c) -E = &1 Law 3
(d) {EJJI = e* = {E'I}j Law 4

The Derivative and Integral of "

%EI = g~ (5)

EXAMPLE 5 Differentiating an Exponential

d Xy — i
Iir[ﬁe:l—ﬁire

= SJe¥



The Chain Rule extends Equation (5 ) in the usual way to a more

1 r

[f 1 15 any differentiable function of x, then

d ,  ,d
EE‘ = ¢ d—I: (6)
EXAMPLE 6  Applying the Chain Rule with Exponentials

|

(a) %E_x = € E[_I} =g (—1)=—e" Eq. (6) with u X

d . . d .. - ) . .
LY — MY ——(ginx) = e F-cosx Eq. () withu = sinx

(b) EE dx

The integral equivalent of Equation (6) 1s

fe"d'u = " + (.



EXAMPLE 7

Tl
(b) f o 5in
0

Integrating Exponentials

In2 InE 1
(a) [ e dy = f E"'EﬂTh!
] 0

l In&
—?ﬁ e du

InE
:%E"]
0
_ 1 _7
=3@-1) =3
. =2
Ycosxdx = EEmI]
]

_ gl g0

1 ix,

wlin2)

=e— |

iln2 In 2- In &

Antiderivative from Example 6



EXERCISES 9.3

1. Solving Equations with Logarithmic or Exponential Terms
In Exercises 6—-10, solve for yin terms of t or x, as appropriate.

6. Iny= —¢t + 5 9 Injy—1)—In2=x+ Inx

B. In(1 — 2y) = ¢ 10. In{y* — 1) — In(y + 1) = In(sinx)
In Exercises 13—16, solve for ¢

13. a. & ¥ = 27 16. o0 (2x+1) _ ot

15, & ° = =

2. In Exercises 23—-32, find the derivative of y with respect to x, t, or e
as appropriate.

Boy=(f-Dtlf  Myp=(0 -t " 20 y=mnGe) 30. y =In(2'sin)
L

: inp - L 0 . ‘-.E
Boy=dftont)  Boy=h0eT) I(H) . -“]“(l-aa

|



In Exercises 37—40, find dydx.
37. Iny = &'sinx 8. Inxy =&"7*
39, & = sin(x + 3y) 40. tany = &* + Inx

3. Evaluate the integrals in Exercises 41-62.

In3 I
45.[ ¢ dy 44.{ ¢ i

_

In Inlé |
{7, j o dy 48, j e dy
Ind I

T4 /]
55, f (1 +¢™)sec’fdf 56, f (1 + ¢) csc” f b
I i

In(x/2) Ve ﬂ
59, / Je'cose’ dv i, / Lee' cosle ) dv
I {xf6) 0



a* and log, x

We have defined general exponential functions such as 2%, 107, and . In this section we
compute their derivatives and integrals. We also define the general loganthmic functions

such as logs x, logygx, and log, x, and find their derivatives and integrals as well.

The Derivative of a"

We start with the definition a* = e*"a.

iﬂ.x — d e¥na — Exlna_i{xlnﬂ]

dx dx
= a*lna.
Ifa = 0, then
%a" = a*lna.
With the Chain Rule., we get a more general form.
E{IH = a"Ilna fﬁu (1)



These equations show why €* 1s the exponential function preferred in calculus. If a = e,
then Ina = | and the dervative of a* simplifies to

d . . .
—e = ¢'lne = &',

dx
EXAMPLE 1 Differentiating General Exponential Functions = ()Y - 1o
d Py : |
(a) — = =33
) %3‘1 - 3*1[1113)%[-;) - 3T}
i amx _ Eainx In3 i T 351]11' In}
{‘f} {ﬁ- a [ L ] dx [Slﬂl] a [ . ]WEI FIGURE 7.12 Exponential functions
decrease if 0 <~ @ <= | and increase if

a>= 1. Asx— oo, we have a* —0if
0<=aga< landa*—ccifa = 1. As
x——oo, wehavea* — oo if 0 < a < |

anda*—0ifa > 1.



The Integral of ¢"

Writing the first integral in differential form gives

u _ a”
/ﬂ' d'u—lnﬂ+f. (2)
EXAMPLE 3 Integrating General Exponential Functions
Py = 2 4 C Eq. (2) with a = 2 -
[H_} X — In 2 Bg. (L) with a L, U X

(b) / 2SINX foe v dx

— / 2" du = lﬁ?_. + C ¥ — sinx,du = cosxdx, and Eq. (2)

Esin x
= In 2 + C u replaced by sm x




Logarithms with Base o

DEFINITION  log, x
For any positive number a # 1, _,,,j e

log,, x 15 the nverse function of a”.

FIGURE 7.13 The graph of 2* and its
inverse, logs x.

Inverse Equations for a* and log, x

a* =t =x (x>0 (3)
logg(a®) = x (all x) (4)
EXAMPLE 4 Applying the Inverse Equations
(a) log2(2°) =5 (b) log(l077) = —7

(c) 2]-:-51 3y — 3 (d) lnlE-E,Lu (4) — 4



Evaluation of log, x

The evaluation of log, x 1s simplified by the observation that log, x 15 a numencal multiple

of Inx.

_ 1. _lx
log,x = — Inx = T (5)

For example,

2 06915
login 2 =1 70 = 230250 = 030103

¥4

y=log,x

y=logsx B

Figure: shows the graphs of four loganthmic functions with various bases,
neachcuse the doman i (0, ), the range 1 (=), and he fnction creses

slowly when x > 1.




The arithmetic rules satisfied by, given in Table 7.2

TABLE 7.2 Rules for base a

logarithms For example,
For any numbers x == () and
y =0, Iy = Inx 4 Iny Rule | for natural logarthms ...
1. Product Rule: my Iy
=—1 .. tmdedbylna ...

log,xy = log,x + log, ¥ e g ha

, . _ o
2. Quotient Rule. log, 1y = log,x + log,y. .. gives Rule | forbase o ogarithms.

lﬂgﬂ% = log,x — log_¥

3. Reciprocal Rule:

lﬂgﬂ% = —log, v

4. Power Rule:
log, x¥ = ylog,x




Derivatives and Integrals Involving log, x

[f u 15 a positive differentiable function of x, then

d _d {Inu |
ax \108at) = 5 (Ina) lnadx[lnu}

i{ln u) = 1 1 du
ax Ea Ina wn dx




EXAMPLE 5
1 1 d 3

(a) = ﬂE]D{-"‘-’ +1) = In10  3x + | dx{h t1) = (In 10)(3x + 1)

logyx | Inx | In x
[h]/ dx = IHE/ x dr lomr In2




EXERCISES 9.4

1. Algebraic Calculations With a* and log, x
Simplify the expressions in Exercises 4.

1. a. Sw=s7 b, gloes® 2 c. 1.3wEs7S
d. logs 16 e. logy3n/3 f. |.:.g4( )
3. g, Pomrx b, Qlogmx I":"EE {E{Lnl]-[sm.r}}

4. a. 25950 holog, (%) c. logy(2°7"7)



2. In Exercises, find the derivative of y with respect to the given
independent variable.

I.y=1 2.y=3" 11 y=(osf)" 8. y = (nf)"
1) T30 T R Y B T M
N, J= |EIE1 ( 1 ) 3, J= ||:|Ej\ (m b § = R T gy s T ISV

3. Evaluate the integrals in Exercises.

r -

4 AT
a [ 5 e 52, f 2,
1 Vx

i
33, / TSt i ¢ f"llngm(x I)
D 67, .]

it

dx



Inverse Trigonometric Functions

* Inverse trigonometric functions arise when we want to calculate
angles from side measurements in triangles. This section shows
how these functions are defined,graphed, and evaluated, how
their derivatives are computed.

y=sn'x o y= arcsinx

y=cos'x or = arccosx

y = tn'x o y = arctan x

y = cot 'x o y = arccotx

y=sec'x or y=arcsecx

'=csc'x  or y = arcesex
y J

These equations are read “y equals the arcsine of x” or *y equals arcsin x™ and so on.



The graphs of the six inverse trigonometric functions are shown in

Figure

Nomaim: —1 = x = 1
Range: —% = y = %
»
kL I
2z 1
¥ = sin” &
L I
—1 1 *
1 =
=
L
Mom@ain: — e = X = oo
. ar . ar
Range: — > - W = 5
¥
______ —F -
2 ¥ = tanlx
1 1 1 1 -
s — I *
L
_______ 2 -
)
IDovrremine: x=—1orx= 1
Fange: —% == - %, w = 0
W
rE
ar
> v o= csc lx
L L -

Domain: —1 = x = 1
P ange: = ~ ==
W
e
— 1 7
¥ = cos lx
-
>
1 = X
—1
(bl
Domain: ¥ = —1 or xr = 1

P ange: o

ba[d

.




EXAMPLE 1 Common Values of sin *x

¥ ) .'l'
1 !-;in']ﬁ"".,' :%'_ sim- |——|— sim- |_ V2 = E
i - . 'l,"_':l
2 V3
3 _ I X
o 1 "t o~_=m |
o~
VI T
V3 w1
Sll'li = T Elﬂ(—EJ = —E

The angles come from the first and fourth quadrants because the range of sin™' x is

[—7/2, 7/2]. 0

X sin ' x

\V3/2 /3

V2/2 /4

1/2 /6

~1/2 —7/6

~\2/2 —m/4

~\/3/2 —7/3




EXAMPLE 2  Common Values of cos ' x

y 5
toos ! —cos ¥ T

V2 <
V2 2

.
1

(i
N7

The angles come from the first and second quadrants because the range of cos ' x is
[0, o]. » [

X cos X

V32 /6

\V2/2 /4

1/2 /3

—1/2 27 /3

-\V2/2 3m/4

~\V3/2 5m/6




EXAMPLE 3  Common Values of tan 'x

A
N

7 -3
- | T
tan % =3 tan [—%] =3
The angles come from the first and fourth quadrants because the range of tan ' x is
(—r/2,w/2). O
X tan ! x
V3 /3
| /4
V3/3 w/6
-\V3/3 —7/6
-1 —7/4
-V3 —7/3




EXAMPLE 4  Find cos e, tan e, sec a. csc «, and cot a if

I
Led | b

Solution  This equation says that sina = 2/3. We picture « as an angle in a right trian-
gle with opposite side 2 and hypotenuse 3 (Figure 7.27). The length of the remaming side 1s

-'II'L"':I[q]I - [E}E =\V9-4=15 Pythagorean theorem

We add this information to the figure and then read the values we want from the completed
triangle:

3 3 Vs
= Csca ==, cota =

f

Vs 2 /




EXAMPLE 5 Find sec (tan™' 3).

Solution Weletf = tan™' (x/3) (to give the angle a name) and picture # in a right trian-
gle with

tan = opposite/adjacent = x/3.
The length of the triangle’s hypotenuse is
Vxl + 32 =Vl + 0.

sec fl — Vitig
VI©+ 9 A
x
i
3
Thus,
hypotenuse

sec

adjacent



The Derivative of y = sin"lu

If 1 15 a differentiable function of x with |u| << 1, we apply the Chain Rule to get

1 du
V= pldx’

|| < 1.

%{Siﬂ_l u) =

EXAMPLE 7  Applying the Derivative Formula

2x
V1 — x*

o d
1 2y . 2y _
: (sin” " x°) = e 2P [ (x<) =

The Derivative of y = tan *u

The dermvative 1s defined for all real numbers. If u 1s a differentiable function of x, we get
the Chain Rule form:

1 du
| + wtdx’

a (tan~' ) =

dx



The Derivative of y = sec 1 u

If & is a differentiable function of x with |«| = 1, we have the formula

v
| du b y=secx

d,.
&%) = u| Vau? — 1 9% jul = 1. P

FIGURE 7.30 The slope of the curve
y= sec | x is positive for both x < —1

and x = 1.
EXAMPLE S  Using the Formula
a -1 4 | d g
—sar  (5x7) = (5x7)
dlx |sx¥| /(5P — 1
| .
= {20x7) Sx% =
Sxty 25 — 1
4

x25x8 — 1



Derivatives of the Other Three
Inverse Function—Inverse Cofunction I[dentities

cos 'x = w2 — sin ' x

cot 'x = w/2 — tan”'x
csc 'x = w2 — sec 'x

For example, the dervative of cos ™ x 1s calculated as follows:

id —1 o d [ = —] T
E{gr_‘rg x) = e (E — 5In I) Identity
d

— [Sin_l;n;}

|

— Denvative of arcsine

V1 — x?




EXAMPLE 10:

Find an equation for the line tangent to the graph of y = cot 'x atx = —1.

Solution  First we note that
cot ' (=1) =72 —tan” (1) = 7/2 - (-m/4) = Im/4.
The slope of the tangent Iine 15

dy

ay _ I
dx

1
e
so the tangent line has equationy — 37/4 = (—1/2)(x + 1).



TABLE 7.3 Derivatives of the inverse trigonometric functions

d(sin! du/ dx
L S e Sl <
& — K-
d - duf dx
2. ':m; ) _ _ ;__.“f , lu] < 1
1 ditan ' )  dufdx
SO
4 dicot ' u) du/ dx
) dx 1+ a2
d(sec ! u) duf dx
5. —
T |u|“~.-*"'u2 —° |lu] = 1
d(csc” —du/dx
" (csc™ w) _ 1/ =1

dx 2] VW — 1



Integration Formulas

The dervative formulas m Table 7.3 yield three useful ntegration formulas m Table 7.4.

TABLE 7.4 Integrals evaluated with inverse trigonometric functions

The following formulas hold for any constant a # 0.
! f W gy (g)u: (Valid for * < )

Va —u

du | fu .
L f Hzﬂfﬁmn](ﬁ)w (Valid for all u)

du | _ju .
3, fﬁ,ul_ﬂfﬁm 12|+ ¢ (Validfor |u| > a > 0)

The denvative formulas i Table 7.3 have @ = 1, but in most integrations @ # 1, and
the formulas in Table 7.4 are more useful.



EXAMPLE 11

Using the Integral Formulas

wEYy. YY),
dx ]
(a) _ - = s x| _
VIez 1 = ¥t YT,

= E.il'l_l -ll’radi — E.il'l_l LE p— E
2 2 3

|
dx
b
Hﬁ | + 1

V32
(0) / i
.

N1 xVrt -1

= TEIII_]I} =tan ' (1) — tan”' (0)
I
V1
— SEE_|I:| — E— E:
23 1 0



EXAMPLE 12 Using Substitution and Table 7.4

g (x [able 7.4 Formula |,
N . 7 = sin 7 0 yiha=3u=x
¥ V(3P -x

dx 1 du -
() / == / —— a=V3u=Xmdduf) =
V3 - 4y ] Va! - o
L C )
—55111 7 + Formula |
=%sin'l(zT_)+C O
V3



EXAMPLE 13 Evaluate f dx

Vdx — x2

Solution  The expression % 4x — x” does not match any of the formulas in Table 7.4,
so we first rewrite 4x — x° by completing the square:

x—x'=—(*-dx)=—(* -+ +4=4-(x -2

Then we substitute g = 2, u = x — 2, and du = dx to get

e _ f dx
Vidx — x? V4 — (x — 27

du . . o
= — = a=2u=x—2 anddu = dx
Va® —us

= Siﬂ_l (—) + Table 7.4, Formula |




EXAMPLE 14
Evaluate / dx

4x? + 4x + 27

Solution We complete the square on the binomial 4x* + 4x:
-‘11-;1:1+4;|:+E=4[J:I+J:]+2=4(J:I+I+%)+E—%
1 2
=4(_]:+E)+l=[11'+1]2+1.
Then,
f dx =f dx _ lf du a l,u = 2x + 1,
4% 4 4x + 2 (2x+ 1P +1 2J u*+a° and du/2 = dx
= % : &tan_l (%) + C Table 7.4, Formula 2
Ll 2x+ D+ C a=lu=2r+]

2



EXAMPLE 15  Using Substitution

Evaluate / frx |
Ve — 6

Solution
A N
dﬂ T 1 £, a & dx,
dx = f ’HI dv = dufe® = dulu,
Vel — 6 Vil — a? a= b
_ du

-'l'—

uNut — a*
= lsa:“\i\ +C Table 7.4, Formula 3
il i dile .4, FOrmue b

= 1__ sec | ( EJ_[,_) + C
Vb b



EXERCISES 9.5

1. Use reference triangles like those in Examples 1-3 to find the

angles in Exercises 1-12. ]
L tan' | b tan'(-V3) ¢ tan” (—l_) 50 oo %j b, cos” (;—2) ¢, cof” (\T)
I

V3
- _1 _
8, a, sec” V2 b, sec” (—_) esec'? oot bocot™(-V3) mt"(—)
V3 V3

T TR

2. Trigonometric Function Values

13. Given that « = sin”'(5/13). find cosc. taneo. sec . CsCc.
and cot e.

16. Given that & = sec™' (—/'13/2). find sin @, cos a, tan a, csc .
and cot c.



3. Find the values in Exercises 17-20. )

— , . ! f \ -;
17. sin (EDS-l (“T?)j 18. sec (ms"%) 19. tan (Hi[f'(-%)) 0. cot (Hi]]'l(_%))

4. Finding Trigonometric Expressions, Evaluate the expressions in
Exercises 29-37.

20, sec {tan 5 30, sec (tan”" ) 36. sin (tzm'] = ) 3. cos (ﬁin"f)
} Vi + | J

5. In Exercises 49-69, find the derivative of y with respect to the
appropriate variable. 19, y=cos (Y 50. y =cos (/)

- . 1. -l ) N :
6'-}'=lﬂ(mﬂlll ﬁ!.}'=tm1][mI] 0 y=cot'z—tanx 60 y=wsinTit V1A

6. Evaluate the integrals in Exercises 71-97.

Tl.f dx H'[ dx 79 f‘ dt :
VO — x? V1 — 4y o 8+ 21

TP ' iy ; .
quf .:_'CE'SEHIBJ !Hl.f CSC” x dlx : *”-f 6 di
=2 | + (sin @) =6 | + (cotx) RV P Y




Hyperbolic Functions
The hyperbolic functions are formed by taking combations of the two exponential func-

tions ¢ and e . The hvoerbolic functions simplify many mathematical expressions and
they are important in applications.

In this section,we give a brief introduction to hyperbolic functions,
their graphs, how their derivatives are calculated.

“Even and Odd Parts of the Exponential Function

An even function fsatisfiesf( -x) = f(x), while an odd function
satisfies f( -x) = -f(x).

o)+ i) fo- (-0

fa)=—— o
. X
- - I we write & this way, we get

even part o part




Definitions and Identities
The six basic hyperbolic functions.

X —x ¥V

. . - & — & 7 -
Hyperbolic sine of x: sinhx = — 3 ] ]
_E a8 Jy
Y=7 2} Jy =sinhx
|I | |
! -
Y T
3 2_1AKR1 2 3
ey~
f2bky=-7"
[ a7
(a)
x —x YV ow— )
; : et + e Y v=coshzx
Hyperbolic cosine of x1 coshx = ———— -.L““ W,
F q B
|
o vk o7
V=5 N LAY =T
T il kN
—3-2-1 | 2 3

()



Hyperbolic tangent:

tanh x — sinh x _ et — gt ":
cosh x et + e ¥ , v = coth x
v=1 "
L1 ! }I?I‘.anh.r
> X
2 _ | 2
: coshx e+ ™ [ I
Hvperbolic cotangent: cothx = — = — 'y I
P 8 sinh x et —e " v — coth x
ch
Hyperbolic secant: sechx = 1 = 2 :
cosh x e* + e * 1
y=1
__w'T", qﬁ‘"ﬂ—_ . r
2-10] |1 2
v = sech x
(d)
Hyperbolic cosecant: cschx = 1 - 2 — A
smhx e — e




Identities for hyperbolic functions

cosh®x — sinh®x = 1
sinh 2x = 2 sinh x cosh x
cosh 2x = cosh?x + sinh®x
2 cosh 2x + 1
cosh- x
2
. gD _ cosh2x — 1
simh~ x
2
tanh“x = 1 — sech®x

coth? x 1 + csch® x



Derivatives and Integrals

The six hyperbolic functions, being rational combinations of the differentiable functions
e* and e, have derivatives at every point at which they are defined (Table 7.7). Again,
there are similarities with trigonometric functions. The derivative formulas in Table 7.7

lead to the integral formulas in Table 7.8.

TABLE 7.7 Derivatives of
hyperbolic functions

d . . o du

I (sinh ) = coshu o

d . du

e (cosh 1) = sinh u

d o 7 du
E[tﬂnh 1) = sech t— -
. — _csch? 9%

- (cothu) = —csch” u T

d o o
T (sech ) = —sech u tanh u o
d o o
T (csch ) = —csch u coth u o

TABLE 7.8 Integral formulas for
hyperbolic functions

/sinhudu = coshu + C
coshu du = sinhu + C
sech’ u du = tanhu + C

csch®udu = —cothu + C
sech u tanh u du = —sechu + C

cschucothudu = —cschu + C

— e e



EXAMPLE 1 Finding Derivatives and Integrals

(a) %{mnh V1 + #2) = sech® V1 = ¢2 %{\,1 + 1)
= — : ?SEch;'hfl + 2
V1 o+ £
— cosh Sx — l @ 1 sinh 5x,
) fCﬂth v = sinh SIdI 5 u du ;:c:ch Sx dx
= LI |u| + C = +In|sinhSx| + C
] ]
(c) f sinh? x dx =f msh‘? — 1 Table 7.6
0 0
1 . I
= %f (cosh2x — 1) dx = % [sm;l’x — }:]
0 0
- Evaluate with
= SIn4h2 — % = 0.40672 a calculator
In 2 n 2 oF _ o In 2
(d) f 4e” sinh x dx = 4e* — 5 —dx = [ (2™ — 2) dx
0 0 0
= [ — 2x]7% = (€2™2 — 2In2) — (1 — 0)
=4 —2In2 — 1

1.6137

i



Inverse Hyperbolic Functions

The inverses of the six basic hyperbolic functions are very useful in

integration, We denote its inverse by

y = sinh™ ' x. y = cosh 'x.
¥ y = cosh x,
¥ y=sinhx y=ux [ r=0 vy=x
9 H_ P
B - )
. - 4] B 4
i y=sinh™ x 6 R4
B {x = sinh y) 5 o
1k —_— 4+ .
|||||||_|||||| i fff —
: * 1 1 /¢ —y=coshlx
% 4 2.7L 2 4 & 2 |
_,,/ | —;/ (x =coshy,y=0)
— B Pl T T M B
B 0 12345678
o (b)

a)

y = sech ' x.

0




The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and
therefore have inverses, denoted by

y=tanh 'y, y=coth'y, y=csch'r.
These functions are graphed m Figure

) ¥ ¥
| I| I d I F
x =ltanh y | x=cothy I I x=cschy ||
¥ =I'[E.1'JI'['II I v = coth x| 1 ¥= eschly ||
I I I I
| | | | N
I I :'I I I '.-I = -.'J'I
] 0 —_ -l 0] 0
| | \I |
I I I I
I I I I
I I I I
| | I| | |
I I I I

(a) (h) (c)



Useful Identities for inverse hyperbolic functions

] 3 1
sech x = cosh =~
csch 'x = sinh™! 1
- o
coth ! x = tanh™! 1
- o
Derivatives of inverse hyperbolic functions
d(sinh ! w) - 1 e
A W'l - g2 dx
d{cosh™! ) - | iy, —
dx T e — 1 dx* u = 1
o tan h_] i) 1 T .
IE:n!r_T o I_ S E-I'z i-i'l:'-l._ * III - I
d{coth™! ) o 1 od'ie — 1
{:.!r_‘-:' o I_ S E-I'z i-i'l:':l._ : jl;l -
d(sech™ ! w) — S dx _
- = = 0 == w == 1
S ™1 — w?
d(csch™! w) —dre ) dlx

e — — e = 0
cix |1 4+ e~



EXAMPLE 2: Derivative of the Inverse Hyperbolic Cosine
Show that if v is a differentiable function of x whose values are greater than 1,then

d —1 | du
e (cosh™ u) = ———— e
G Vs — 1 X
Solution First we find the derivative of v = cosh ! x forx = 1 by applying Theorem 1

with f(x) = coshx and f'(x) = cosh™! x. Theorem 1 can be applied because the deriva-
tive of cosh x 1s positive for 0 << x.

—1yr _ 1
Vix) = n |
l::.-ilr { ] fr{f_l [x]] I
- 1 ih
sinh (cosh™! x) o
— ]. -_.._-.|'|'- 1
' cosh? (cosh™ ' x) — 1 sinh u
— I - .
Vit — 1
In short,
%{ﬂﬂsh_ln} = _}



Integrals leading to inverse hyperbolic functions

du - fu
1. ] ———— = sinh l(ﬁ)+fh a =10
Va©+u
2. ] L = cosh™ (%) + C, u=a=Il
Vut —al

ll:anh'] (ﬂ) + C ifu? < a?

du i1 il
3 {32 HI - |

- 1 {u

Eﬁﬂth (ﬁ) + f_-'

Y

4. ]“M;"_ > = —%sech_l (%) + C, 0<u<a

] ﬂ:" j=——-:5ch | |+C u#0anda =0
uva +u

o

' T T
fu- = a-

W




EXAMPLE 3: Evaluate /l 2dx
0 W3 o+ dx?

Solution  The indefinite integral 1s

/ 2 dx :/ du e
V34 4l Via? + u?

R i
= sinh l (E) + Formula from Table 7.11

= sinh™ (1—"_) el
V3
Therefore,

! AT
] .2 dx = = sinh™ (i_)} = sinh™ (i_) — sinh™' (0)
0 N3+ 4x- V37 do V3

— sinh™! (i_) — 0 ~ 0.98665.
3




EXERCISES 9.6

1. Each of Exercises 1 gives a value of sinh x or cosh x. Use the defi-

nitions and the identity cosh? x — sinh®x = 1 to find the values of the
remaining five hyperbolic functions.

1. sinhx = —3 2. sinhx = 3

3. coshx = % x>0 4. coshx = % x>0

2. In Exercises 13-26, find the derivative of y with respect to the
appropriate variable .

6 sinh 14, y = 2sinh (2x + 1)

13. ¥

25, y=sinh "V 26, y=cosh™ 2V/x + |



4. Evaluate the integrals in Exercises 41-53.

41. fﬂinh Xy dx

—In2
a3, f 2¢" cosh § 46
—In4

47. / sech?® (_1:' — %) cx

= -

48. /cschl[ﬁ — x) dx

5. Evaluate the integrals in Exercises 67-71 in terms of

a. inverse hyperbolic functions.

0 N, 4 + x<

60 f: dx
] s/4 1 — xt

313 .
11 f dx :
/5 xMW 1 — 16x*

b. natural logarithms.
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