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e Absolute Maximum, Absolute Minimum

Let f be a function with domain D. Then f has an absolute maximum value on
D at apoint ¢ if

flx) = f(e)  forallxinD
and an absolute minimum value on D at ¢ 1if

flx) = flc) forallxin D.

EXAMPLE 1 Exploring Absolute Extrema

The absolute extrema of the following functions on their domains can be seen in Figure



Function rule Domain D Absolute extrema on D

(a) y = x° (—o0, 00) No absolute maximum.

Absolute mimnimum ot Q0 at x = 0.

V=X . solute maximum of 4 at x = 2.
b 2 0,2 Absol i f4 2
Absolute mimnimum ot Q0 at x = 0.

(¢) v=1x (0, 2] Absolute maximum of 4 at x = 2.

No absolute minimum.

(d)y vy =x (0, 2) No absolute extrema.
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Local Maximum, Local Minimum

A function f has a local maximum value at an interior point ¢ of its domain if
fix) = fle) for all x in some open interval containing c.
A function f has a local minimum value at an interior point ¢ of its domain if

flx) = f(c) for all x in some open interval containing c.

Absolute maximum
No greater value of fanywhere.
Local maximum Also a local maximum.,

No greater value of

f nearby. ..
: ! Local minimum

| No smaller value
: of f nearby.

Absolute minimum
No smaller value of
fanywhere. Alsoa |

local minimum. : :f nearby.
! |
a c € d b

: Local minimum
| No smaller value of




THEOREM The First Derivative Theorem for Local Extreme
Values

[f f has a local maximum or minimum value at an interior point ¢ of its domain
and it f' 1s defined at ¢, then

f'le) = 0.

Critical Point
An interior point of the domain of a function f where f' is zero or undefined is a

critical point of f.

EXAMPLE 2  Find the absolute maximum and minimum values of f(x) = x“on [=2, 1].

Solution  The function is differentiable over its entire domain, so the only critical point is
where f'(x) = 2x = 0, namely x = (. We need to check the function’s values at x = (
and at the endpoints x = —2and x = 1:
Critical point value: f(0) = 0
Endpoint values: fl—=2)=4
f(1) =1

The function has an absolute maximum value of 4 at x = —2 and an absolute minimum

value of 0 atx = (.



EXAMPLE 3 Absolute Extrema at Endpoints
Find the absolute extrema values of g(f) = 8¢ — ¢* on[-2, 1].
Solution  The function is differentiable on its entire domain, so the only critical points
occur where g'(¢) = 0. Solving this equation gives
8—4'=0 o t=V2>1,

a point not in the given domain. The function’s absolute extrema therefore occur at the
endpoints, g(—2) = —32 (absolute minimum), and g(1) = 7 (absolute maximum). See

(1.7

[

v = 8t — 14




EXAMPLE 4  Finding Absolute Extrema on a Closed Interval

Find the absolute maximum and minimum values of f(x) = x*/° on the interval [—2, 3].

Solution  We evaluate the function at the critical points and endpoints and take the
largest and smallest of the resulting values.
The first derivative

2
3Vx
has no zeros but is undefined at the interior point x = 0. The values of f at this one criti-
cal point and at the endpoints are

fre) = 2ems =

Critical point value: f(0) = 0
Endpoint values: f(—=2) = (—2)%° = Va
f(3) = (3)° = V.

Absolute maximum;
Local also a local maximum
MAXImum

| | |
1 2 3

Absolute minimum;
also a local minimum




EXERCISES - ;.

1. find the absolute maximum and minimum values

of each function on the given interval. Then graph the function. Identify
the points on the graph where the absolute extrema occur, and include
their coordinates.

1. fix) ==x—5, —2 = x
3

| A
Y]

2 f(x) = —x — 4, —4 =x =1
3. flx) = x2 — 1 = e — >
4, f(x) =4 — x>, —3 =x=1

2.find the derivative at each critical point and determine the local extreme values.

Loy =x(x +2
2.y =xV4 — i
3. y=xP(x* - 4)
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The Mean Value Theorem

To arrive at this theorem we first need Rolle’s Theorem.

Rolle’s Theorem:

Suppose that y = f(x) is continuous at every point of the closed interval [a, b]
and differentiable at every point of its intenor (a, b). If

fla) = f(b),

then there 1s at least one number ¢ in (a, b) at which
f'(c)=0.
y

t fic3) =0
fley) =0

W‘?]:ﬂ
|
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The Mean Value Theorem

Suppose y = f(x) 1s continuous on a closed interval [, b] and differentiable on
the interval’s interior (a, b). Then there is at least one point ¢ in (a, b) at which

flb) = fla)
hb-a fle
¥ Tangent parallel to chord
Slope fic) x’fﬁf B
7 fib) — fla)
Slope —
/
0 c b T

el
y = filx)



EXAMPLE 3 The function f(x) = x* (Figure 4.18) is continuous for 0 < x < 2 and

differentiable for 0 < x < 2. Since f(0) = 0 and f(2) = 4, the Mean Value Theorem
says that at some pomt ¢ in the interval, the dervative f'(x) = 2x must have the value

(4 - 0)/(2 - 0) = 2. In this (exceptional) case we can identify ¢ by solving the equation

2c=2togetc=1. i
Solution: (b; ’;(a) =f'(¢) *

22-0 _4-0_ ) 3

2—0 2

f(x)=2x—+f(c)=2c=2—c=1

A(Q, O)



EXERCISES 7.2

Finding c in the Mean Value Theorem

Find the value or values of ¢ that satisfy the equation
fib)—f(a) =f ({:)

b—a

in Exercises 1—4.

1. flx) = x* + 2x — 1. [O.1]
2. fix) = x%3, [0.1]

3. flx) = x + + E 2]

4. f(x) = Vx— 1, [L,3]



Monotonic Functions and The First Derivative Test

"Increasing Functions angi Decreasing Functions:

Let f bea function defined on an interval / and let x) and x; be any two points in /.

1. If f(x;) < f(x,) whenever x; < x5, then f 1s said to be increasing on /.
2. 1If fxy) < flx,) whenever x; < x,, then f is said to be decreasing on /

A function that 1s increasing or decreasing on / 1s called monotonic on /.

"First Derivative Test for Monotonic Functions:

Suppose that f 1s continuous on [a, b] and differentiable on (a, b).

If f'(x) > 0 at each pont x € (a, b), then f 15 increasing on [a, b].

f f'(x) < 0ateach pointx e (a, b), then f is decreasing on [, b).



EXAMPLE 5 : Using the First Derivative Test for Monotonic Functions

Find the critical points of f(x) = x* — 12x — 5 and identify the intervals
on which f is increasing and decreasing.

Solution: The function f is everywhere continuous and differentiahle

¥ y=xr-1t-35

The first derivative, f'(x) = W - 1) = 3(11 - 4) .l |
|
=3(x+2)x -2 31 [ |'
iszeroatx=-2and x = 2. el fff‘\\\m: .":
These critical points subdivide the domain of f 5 Iﬂﬂ. ——T
into intervals (-0, —2),(-2,2),and(2,20) and we ol .I
determine the sign of f"by evaluating f at a point ;'I -Iﬁ"a ;
in each subinterval.The behavior of f is determined _I'I u i ‘\_;“
Corollary 3 to each subinterval.
Intervals -0 < x < =2 -2 <x<2 2 < x< 00
f" Evaluated f'(=3) =15 f'(0) = -12 f'(3) =15
Sign of f° + — 4

Behavior of f Increasing decreasing Increasing



First Derivative Test for Local Extrema

Suppose that ¢ is a critical point of a continuous function f, and that f is differen-
tiable at every point in some interval containing ¢ except possibly at ¢ itself.
Moving across ¢ from left to nght,

1. 1if f* changes from negative to positive at ¢, then f has a local minimum at ¢;

2. if f' changes from positive to negative at c, then f has a local maximum at ¢;

3. 1if f" does not change sign at ¢ (that is, f' 1s positive on both sides of ¢ or
ncgative on both sides), then f has no local extremum at c.

FIGURE, A function’s first derivative tells how the graph rises and falls.

Absolute max
[ vndefined

Ab=olule min




EXAMPLE 6: Using the First Derivative Test for Local Extrema,find
the critical points of, flx) = x'P(x — 4) = x*P - 4x'5.

|dentify the intervals on which fis increasing and decreasing. Find the
function’s local and absolute extreme values.

Solution The function f is continuous at all x since it is the product of two continuous
functions, x'* and (x — 4). The first derivative

1s zero at x = | and undefined at x = 0. There are no endpoints in the domain, so the crit-
ical points x = 0 and x = | are the only places where f might have an extreme value.

The critical points partition the x-axis into intervals on which f' is either positive or
negative. The sign pattern of f' reveals the behavior of f between and at the critical points.
We can display the information in a table like the following:

Intervals x <0 D<x<1 x =1
Sign of f7 - - +
Behavior of f decreasing decreasing Increasing




Corollary 3 to the Mean Value Theorem tells us that f decreases on (—00, 0), de-
creases on (0, 1), and increases on (1, o0). The First Derivative Test for Local Extrema
tells us that f does not have an extreme value at x = 0(f' does not change sign) and that f
has a local minimum at x = 1 (f' changes from negative to positive).

The value of the local minimum is f(1) = ["(1 - 4) = =3. This is also an ab-
solute mimimum because the function’s values fall toward 1t from the left and nse away
from it on the right. Figure 4.24 shows this value in relation to the function’s graph.

=
I
(]
—f
=
—3 1. —3)

FIGURE 4.24 The function f(x) —
13 ({x — 4) decreases when x = 1 and
increases when x = 1 (Example 2).



EXample7:
Given y= 41"+ 44" ~6x +8, find (a) the critical points; (b) the intervals on which y is
increasing and decreasing; and (c) the maximum and minimum vahugs of .

a) y =X x-b=(r -2, Setting y' =0 gives the critical values x = -3 and 2. The critical
points are (-3, ) and (2, ).

(b) When y' Is positive, y increases; when y’ is negative, y decreases
When r <-3, say x=-4, y'=(=)(=)=+, and y 15 increasing.
When =3<x<2,sayx=0,  y'=(4)i-)=-, and y is decreasing,
When x >2, say x =3, y'=(+)(+) =+, and y is increasing.
These results are illustrated by the following diagram (sze Fig. 13-3).

x<-3 r=-3 ~l<y<? x=2 x>2

}': — + 'Pr - — }.“ - +_
y Increases y decreases y Increases




{-ll Hﬂj F

0 (2,2/5)

Fig. 13-3

) We test the critical values x = -3 and 2 for maxima and minima:
As x increases through -3, y' changes sign from + to -, hence at x = =3, y has a maximum
value ¥
As x increases through 2, y* changes sign from - to +; hence at x =2, y has a minimum
value §.



EXERCISES 7/.3:

1. Answer the following questions about the functions whose
derivatives are given in Exercises 1-5:

a. What are the critical points of f?
b. On what intervals is f increasing or decreasing?

c. At what points,if any, does f assume local maximum and minimum
values?

L flx)=xx=1) 2 flx)=lr- fe+2) 3. Hil = t-T— I}EE.i' t i}:

e b-Teth) S f) -

I



2. In Exercises 1-4:

a. Find the intervals on which the function is increasing and
decreasing.

b. Then identify the function’s local extreme values, if any, saying
where they are taken on.

¢. Which, if any, of the extreme values are absolute?

d. Support your findings with a graphing calculator or computer
grapher.

L og(f)==3"+9+5
T

3. f(8) = 30 — 49’

ir + l6r

v flr)



Concavity and Curve Sketching
In this section we see how the second derivative gives information
about the way the graph of a differentiable function bends or turns.

"Concavity  DEFINITION Concave Up, Concave Down
The graph of a differentiable function v = f(x) 1s

(a) concave up on an open interval Fif f' 1s increasing on /

(b) concave down on an open interval [ 1f f' 1s decreasing on /.

* L

FIGURE 4.25 The graph of f(x) = x' is
concave down on (—oo, () and concave up
on (0, co) (Example 1a).



"The Second Derivative Test for Concavity

Let v = f(x) be twice-differentiable on an interval /.

1. If f" = 0on [ the graph of f over [ i1s concave up.

2. Iff" << Oon/ the graph of f over [ is concave down.

EXAMPLE 7: Determining Concavity, Determine the concavity of

y=3+sinxon [0, 2m]
Solution:
The graph of y = 3 + sinx is concave
down on (0, 1t), where y"= — sinx is negative.
It is concave up on (1,21), where y"=- sinx is

Positive (see figuer).

Points of Inflection

¥

—_— e L

y=13 4 sinx

%

The curve y = 3 + sinx in Example 2 changes concavity at the point (7. 3). We call

(77, 3) a point of inflection of the curve.



DEFINITION Point of Inflection

A point where the graph of a function has a tangent line and where the concavity
changes is a point of inflection.

EXAMPLE 8: Using f' and f"to Graph f Sketch a graph of the function

f(x) = x*- 4x3 + 10 . using the following steps.

(a) Identify where the extrema of f occur.

(b) Find the intervals on which f is increasing and the intervals on
which f is decreasing.

(c) Find where the graph of f is concave up and where it is concave
down.

(d) Sketch the general shape of the graph for f.

(e) Plot some specific points, such as local maximum and minimum
points, points of inflection,and intercepts. Then sketch the curve.



Solution f is continuous since f'(x) = 4x° — 12x exists. The domain of f is
(—o0, o0), and the domain of f' is also (—o0, o0). Thus, the critical points of f occur
only at the zeros of f'. Since

f'ix) = 4x’ - 12x? = dx¥{(x - 3)

the first denvative s zeroatx = Oand x = 3.

Intervals x<0 D<x<3 <x
Sign of [’ - - E
Behavior of f decreasing decreasing increasing

(a) Using the First Derivative Test for local extrema and the table above, we see that there
1s no extremum at x = U and a local mmimum at x = 3,

(b) Using the table above, we see that f is decreasing on (—00, 0] and [0, 3], and increas-

Ing on |3, ©0),

(¢) f"(x)= 12x* = 4x = I12x(x = 2)iszeroatx = Oandx = 2.

Intervals r<0 D<x<?2 22X
Sign of 7 + - +

Behavior of f concave up concave down concave up



We see that f is concave up on the intervals (=20, 0) and (2, o), and concave down on

(0, 2).
(d) Summanzing the information in the two tables above, we obtamn

x<90 I<x<2 2<x<3 J<x
decreasing decreasing decreasing INcreasing
concave up concave down concave up concave up
The general shape of the curve 15
decr i decr i decr i incr General shape.
| | :
up | down | up I up
| ! ;
I | |
I | |



(e) Plot the curve’s intercepts (if possible) and the points where y“ and y “are
zero. Indicate any local extreme values and inflection points. Use the general

shape as a guide to sketch the curve. See figure.

(e) Plot the curve’s intercepts (if possible) and the points where y” and y “are
zero. Indicate any local extreme values and inflection points. Use the general

shape as a guide to sketch the curve. See figure.

43 + 10 I:

v
I. -
Iﬁ -‘. = -1.
\ M b=
I"~_ 20 I
AR 5. = I
S |01 |
Intj-::::mm 107 |
point s L N |
- |
1 % 1 1 =I L . X
~1 0 \2 3 |4
\ ) |
=5 Inflection 8 2,-6) |
—10 |- point /
..\‘ ;"'
—15}+ \\.‘_II
~20k 3.=17
- Local
Minimum

FIGURE 4. The graph of f(x) = x*= 4x%+ 10
NI

FIGURE 4. The graph of f(x) = x*- 4x3+ 10



EXERCISES 7.4:
1. Identify the inflection points and local maxima and minima of the

functions graphed in Exercises 1-3. Identify the intervals on which the
functions are concave up and concave down.

I

¥ = 'IT :— 2x= 4 ) tan x — 4x, —% L lir
| | -
|
1. | |J 2. [ N\ |
]| /-\\ I' | | > X
\ / |\ / | o i
./ . u’f . | '

2. Use the steps of the graphing procedure on page 272 to graph the
equations in Exercises 1-5. Include the coordinates of any local
extreme points and inflection points.

1. 3.

, 2 SR
y==20+1 Tyt d= o) -4 T e c g -t -

-

g . X
4 y=p-5t=ifx-35) 5 »=3=F3




L'Hopital’s Rule
L'Hopital’s Rule (First Form)

Suppose that fla) = gla) = 0, that f'(a) and ¢'(a) exist, and that ¢'(a) # 0.
Then

: flx) _ fla)
= glx)  ga)

EXAMPLE 1 Using U'Hopital's Rule

3x — sInx 3 — cosx

L
|
. \-"I-l-:r—l_ 2N1 + x 1
(h) J.!EHJ = — 1 . =3




L'Hopital’s Rule (Stronger Form)

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open inter-
val [ containing a, and that ¢'(x) # Oon/ifx # a. Then
f(x) f'(x)

li = i .
e glx) e e'(x)

assuming that the limit on the nght side exists.

EXAMPLE 2  Applying the Stronger Form of L'Hépital’s Rule

. VI +x—1—x/2
(a) hm L
ax—u={} _'.!|:.'2 0
o (y2)( + X2 - 12 - |
= ll:t‘.ll-1 1" '.:atll]E'. ditterenfiate agmin.
X— .
B € V) G ) NS N S
_tl_..n. 2 E ! I[I:;I.\, TINE = Dol
. X — s5InXx i
® lim X g ;
— ““}:l _3“:__‘,“—’5;": Still 2
X x -
_ sin X -]
_,,I'_r.t.};_ﬁ.t' E:ul]ﬁ
- cosy | 0
=lm—F—== Not = limit 15 found.
=) 06 i’



EXERCISES 7.5:
1. In Exercises 1-6, use |’'Hopital’s Rule to evaluate the limit.
1.

lim sin Sx 2 x3 - | 3 2x? + 3x

i Iim

2. Use |'Hopital’s Rule to find the limits in Exercises 1-3.

2x — T sin{la + h) — sina

Iim - : . Vx2+5-3
l. ey cCOBx 2. '!l_lg ; 3. lim———



Newton-Raphson method to find the roots of nonlinear algebraic

equation

In this section we study a numerical method, called Newton’s method or the
Newton—Raphson method, which is a technique to approximate the solution to an
equation f(x) = 0. Essentially it uses tangent lines in place of the graph of y ={(x)
near the points where fis zero. (A value of x where f is zero is a root of the function f

and a solution of the equation f(x) =0.)

We can derive a formula for penerating the successive approximations in the follow-
Ing way. Given the approximation x,, the pomnt-slope equation for the tangent to the curve

at xn flxa)) s

¥= fn.-l.l ,.f‘
Paant: (x,, flx,})
Slope: _||"I|: i 'll"l
Tangent line equation: "I"J |

¥ — fix,) = [l e — x,)

(g FLxg 1) Tangent line

y= ) + [l =) i
| ' ' ' ' - I of fatxg)
We can find where it crosses the x-axis by setting y = 0 (Figure 4.44), _— |
0= fls) + f/ls = 1) e
[-Ti-;}' . fixg)
——=y-4 LA T
flo = 7



Procedure for Newton’s Method

1. Guess a first approximation to a solution of the equation f(x) = 0. A graph
of y = f(x) may help.

2. Use the first approximation to get a second, the second to get a third, and so
on, using the formula

flxy)
i J{In) ;

if f'(x,) # 0 (1)

Aps+] = A —

EXAMPLE 1: Applying Newton’s Method

Find the positive root of the equation
fx)=x1-2=0.



Solution  With f(x) = x* — 2 and f'(x) = 2x, Equation (1) becomes
.Inz =i 2
Xn+l = Xp — "o,
2x,
SNumber of
Error correct digits
xp = 1 —0.41421 1
x; = 1.5 0.08579 1
x> = 1.41667 0.00246 3
x3 = 1.41422 0.00001 5




EXAMPLE 13: Using Newton’s Method
3

Find the x-coordinate of the point where the curve y=x°-x

crosses the horizontal line y = 1.

Solution The curve crosses the line when x* —x = lorx® — x — 1 = 0. When does

f(x) = x' = x — 1 equal zero? Since f(1) = —1 and f(2) = 5, we know by the Inter-
mediate Value Theorem there is a root in the interval (1, 2) (Figure 4.43).

We apply Newton’s method to f with the starting value xp = 1. The results are dis-

played in Table 4.1 and Figure 4.46.
At n = 5, we come to the result x; = x5 = 1.3247 17957. When x| = x,, Equa-

tion (1) shows that f(x,) = 0. We have found a solution of f(x) = 0 to nine decimals. =

y=x—x-1
20

(1.5, 0.875)

15




In figure we have indicated that the process in Example 2 might have
started at the point Bo(3, 23) on the curve, with x. = 3. Point Be is quite
far from the x-axis, but the Tangent at Bo crosses the x-axis at about
(2.12, 0), So x1 is still an improvement over x: . If we use Equation (1)
repeatedly as before, with f(x) = x3 - x- 1 and f'(x) = 3x% - 1, we
confirm the nine-place solution x7 = xs = 1.3247 17957 in seven steps.

200

15
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By(2.12.635) / | :
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TABLE 4.1 The result of applying Newton's method to f(x) = x* — x — 1
withx, =1

' flxa)
i 4 flx,) fix,) Xp4] =X, — ()
0 l -1 2 1.5
1 & 0.875 W 1.3478 26087
2 |.3478 26087 0.1006 82173  4.4499 05482 1.3252 00399
3 1.3252 00399 0.0020 58362 4.2684 68292 1.3247 18174
- 1.3247 18174 0.0000 00924 4.2646 34722 1.3247 17957
5 1.3247 17957 —1.8672E-13  4.2646 32999 1.3247 17957



EXAMPLE 14:

Use Newton’s method to estimate the one real
solution x3+ 3x+ 1 =0. of Start with Xo=0and then find xz .

solution:
fix)=x>+3x+1 — f'(x) =3x*+3

flon) . o2
1= 3

When Xx5-q, SO X=X, _ o) -

— (53 3= V+1
3°+3(-5) =_2 - _032222

1
then x,=--- T
3 iy W S0
3(—3)2+3



EXERCISES 7.6:

1. Use Newton’s method to estimate the solutions of the equation
x* + x — 1 = 0. Start with x; = —1 for the left-hand solution

and with xg = | for the solution on the right. Then, in each case,
find x3.

2. Use Newton’s method to estimate the one real solution of
x* + 3x + 1 = 0. Start with xo = 0 and then find x».

3. Use Newton’s method to estimate the two zeros of the function
flx) = x* + x — 3.Start with xo = —1 for the left-hand zero and
with xo = 1 for the zero on the nght. Then, in each case, find x;.

4. Use Newton’s method to estimate the two zeros of the function
f(x) = 2x — x* + 1. Start with x, = 0 for the left-hand zero and

with xo = 2 for the zero on the right. Then, in each case, find x;.

S. Use Newton's method to find the positive fourth root of 2 by solv-
ing the equation x* — 2 = 0. Start with xo = | and find x;.

6. Use Newton’s method to find the negative fourth root of 2 by solv-
ing the equation x* — 2 = 0. Start with x; = —1 and find x.



7. Use Newton’s method to find the two negative zeros

of f(x) = x* — 3x — 1 to five decimal places.

8. Real solutions of a quartic Use Newton’s method to find the
two real solutions of the equation x* — 2x* — x* — 2x + 2 = 0.

9. Solve the equation x = 1/(x* + 1) with Newton’s method.
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